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Nonisothermal melt spinning of materials having a step-like viscosity variation with
temperature is studied in this work. A set of nonlinear equations is used to describe
the fiber behavior and to obtain the draw ratio, the square of the ratio of the fiber di-
ameter at the entrance to that at the exit of the fiber-spinning device. The fluid-flow
equation is based on a slender-jet approximation, and external heating and cooling
have been accounted for with a one-dimensional model in order to obtain the fiber
temperature and viscosity along the fiber length. The model is similar to that used by
Wylie et al. (J Fluid Mech. 2007;570:1–16) but accounts for inertia, shear stress at
the fiber surface, surface tension, gravity, cooling, and larger heating rates. Steady-
state analysis reveals that the draw ratio increases with an increase in the pulling
force, passes through a maximum, and then starts increasing again, resulting in three
possible pulling forces for the same draw ratio. However, linear stability analysis
reveals that depending on the strength of heating and/or cooling, at most two of the
steady states are stable. The stability analysis also predicts complicated oscillatory
and nonoscillatory dynamical behavior as the pulling force varies. Nonlinear simula-
tions reveal that an unstable system always tends to limit-cycle behavior. Systems pre-
dicted as stable by the linear stability analysis are also stable for large-amplitude per-
turbations. External heating is found to dramatically enhance the draw ratio of the
melt-spinning process. The addition of a cooling section suppresses the draw ratio, but
this can be compensated for with a higher heating strength. � 2009 American Institute of

Chemical Engineers AIChE J, 55: 581–593, 2009
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Introduction

Submicron-size fibers possess several valuable characteris-
tics such as large surface-to-volume ratio, flexibility in surface
functionality, and superior mechanical performance. A mat
formed by submicron-size fibers has high porosity and can fil-
ter micron-size particles (e.g., pollen spores). Such outstanding
properties make these fibers suitable for a variety of potential
applications such as filtration, membrane separations, protec-
tive military clothing, biosensors, wound dressing, and scaf-

folds for tissue engineering.1–5 However, there is a need to
improve processes for submicron-size fiber production since
the currently used nanofiber production processes have a low
production rate. In this work, we consider a melt-spinning
(MS) process for materials possessing a step-like change in
viscosity with temperature. Important classes of materials such
as block copolymers and multicomponent polymer melts6,7

have a viscosity that behaves in this way, making it essential to
investigate their MS behavior. Nonisothermal MS studies have
thus far largely been confined to materials showing an expo-
nential variation of viscosity with temperature.8–12

Three commonly used processes to produce fibers are elec-
trospinning (ES), melt blowing (MB), and MS. In ES, a strong
electrical potential (�10 kV) is applied to a polymer solution
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in a syringe to force a jet of solution onto a grounded screen
located a few centimeters away. Rapid evaporation of the sol-
vent results in a mat of fine (10 nm to 1 lm) polymer fibers de-
posited onto the screen. This is currently used to produce nano-
fibers,13,14 but the process is inherently slow because of the
requirement of removing residual solvent from the fibers, and
is undesirable because of the difficulty in solvent handling/re-
covery.5,15 As a result, the process is costly. Furthermore,
many polymers are hard to dissolve in common solvents at
room temperature, making them difficult to electrospin. MB is
performed by extruding a polymer melt and drawing it down
using an air jet of high velocity at the polymer–air interface.
Then, fibers are collected on a mat located a few centimeters
away. This process has also recently been shown to produce
nanofibers.16 However, the fiber size distribution is not narrow,
which is desired for biological applications.17 In MS, fiber
drawing is due to a take-up wheel instead of an air jet. This
process is restricted to producing fibers with diameters larger
than 10 lm.1 But, MS has advantages when compared with the
other two processes.18,19 For example, its production rate is
�10 and 100 times higher than MB and ES, respectively. It is
also cheap, environmentally friendly, and easier to control. In
addition, the fiber solidifies during the drawing process in MS,
which yields oriented chains resulting in strong fibers with bet-
ter size uniformity and chemical and mechanical stability.

Isothermal and nonisothermal MS operations are well
documented in the literature (Refs. 8, 18, 19 and references
therein). Thus, instead of presenting a detailed literature
review, we note the distinguishing features of the present
work. As mentioned above, important classes of materials
show a step-like variation in viscosity with temperature.
Fiber drawing of such materials was recently studied by
Wylie et al.7 Their study provides steady-state and linear sta-
bility analyses and focuses the occurrence of multiple steady
states. Their work does not account for the effects of inertia,
surface tension, shear stress at the polymer–air interface,
gravity, and cooling and also does not attempt to investigate
draw ratio enhancement. The draw ratio, Dr, is the square of
the ratio of the fiber diameter at the entrance to that at the
exit and is an important process variable. In this work, we
account for all of these effects and perform steady-state and
linear stability analyses, as well as nonlinear simulations to
study the effect of large-amplitude disturbances. In addition,
we derive a set of equations governing fiber behavior by
using a slender-jet approximation, connect them with related
equations presented in the literature, and investigate Dr
enhancement using external heating, an effect not addressed
by Wylie et al.7 The rest of the article is organized as fol-
lows: the model for the MS process is developed in the next
section. The following two sections deal with steady-state
behavior and linear stability analysis. We then turn to nonlin-
ear simulations and the effects of a cooling section before
presenting a summary and conclusions.

Problem Formulation

In a MS process, molten polymer (polymer filament)
comes out from a die. The attenuation in the diameter of the
polymer filament is achieved using an external force applied
by a take-up roller. Sometimes external air is used to cool
the polymer filament. In this work, we suppose that an exter-

nal heater along the length of the polymer filament acts to
decrease the polymer viscosity. The schematic of the process
is presented in Figure 1. The momentum and mass conserva-
tion equations are

q @tuþ u � ruð Þ ¼ �rpþr � sþ qgez; (1)

r � u ¼ 0; (2)

where u 5 (ur,uy,uz) 5 (w,0,u) is the velocity, p is the pres-
sure, and s 5 l(!u 1 (!u)*) is the extra-stress tensor for
an incompressible Newtonian fluid with the superscript ‘‘*’’
denoting transpose and l denoting the dimensional viscosity
of the molten polymer filament. Also, q is the density, g is
the gravitational acceleration, @t is the time derivative, and ez
is the unit vector in the z-direction. The energy conservation
equation is:

qCp @tT þ u � rTð Þ ¼ �r � q; (3)

where Cp is the heat capacity, T is the temperature, and q is
the heat flux at the fiber-air interface. At this interface, the
stress balance is:

p � n ¼ �jrnþ St; (4)

where p is the total-stress tensor, r is the surface tension, j
is twice the mean curvature, n is the outward unit normal
vector, t is the unit tangential vector, and S is the external
shear stress at the interface due to imposed air flow. A kine-
matic boundary condition is also needed:

wjr¼h� ¼ @th
� þ u@zh

�; (5)

where h* is the location of the fiber-air interface, and @z
denotes differentiation with respect to z. Finally, for a bound-
ary condition involving energy, we use:

q � n ¼ f ðzÞ; (6)

where f(z) is the heat flux supplied by the heater.

Figure 1. Schematic of a MS process with external
heating.
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The following assumptions have been made in deriving
the final set of equations: (i) the fiber is like a slender jet;
(ii) incompressible fiber material; (iii) negligible die swell;
(iv) neglect of heat conduction in the fiber; and (v) constant
density, heat capacity, and surface tension for the fiber. All
of these assumptions have been shown to be valid for the
conditions of industrial MS except negligible die swell,18,19

which could lead the model to predict smaller fiber diame-
ters. This may be accounted for by considering a slightly
larger diameter for the polymer filament at the die exit.19

We scale length in the z-direction with L, length in the
r-direction with ro, time with L/Vo, and velocity in the z- and
r-directions with Vo and roVo/L, respectively, where L is the
length of the domain for the fiber attenuation, ro is the radius
of the fiber at z 5 0, and Vo is the velocity in the z-direction
at z 5 0. Pressure is scaled by qV2

o, and viscosity by lo, the
viscosity at z 5 0. We consider the limit where e 5 ro/L �
1. The dimensionless variables have been represented using
the same variables as before but with a tilde over them.
Then, the z-component of Eq. l becomes

�2qLVo

lo

@~u

@~t
þ ~w

@~u

@r
þ ~u

@~u

@~z

� �

¼ � �2qVoL

lo

@~p

@~z
þ 1

~r

@

@~r
l~r

@~u

@~r
þ �2l~r

@ ~w

@~z

� �

þ 2�2 @

@~z
l
@~u

@~z

� �
þ �2qgL2

Volo

þ Oð�4Þ; ð7Þ

where l is the dimensionless viscosity at any location z. The
functional form of the viscosity variation will be discussed at
the end of this section. Henceforth, we drop the tilde. We
now express u,w, and p as follows:

u ¼ uoðz; tÞ þ ð�rÞ2u2ðz; tÞ þ Oð�4Þ;

w ¼ �@zuoðz; tÞ
r

2
� @zu2ðz; tÞ

�2r3

4
� Oð�4Þ;

p ¼ poðz; tÞ þ p2ðz; tÞð�rÞ2 þ Oð�4Þ:

(8)

The expression for w is obtained using the expression for u
and Eq. 2. Then, Eq. 7 leads to

qLVo

lo

@tuo þ uo@zuoð Þ ¼ � qVoL

lo

@zpo

þ ð4lu2 � l@2
z uo þ 2@zðl@zuoÞÞ þ

qgL2

Volo

þ Oð�2Þ: ð9Þ

The normal and shear stress balances give

@zpo ¼ r
qroV2

o

@zj� lo@zðl@zuoÞ
qVoL

þ Oð�2Þ;

4lu2 ¼ 6l@zuo@zh
� þ h�l@2

z uo þ 3S

h�
þ Oð�2Þ;

(10)

where S is now a dimensionless shear stress, scaled by
6loVor

2
o/L, and h* is the dimensional location of the fiber–air

interface. The quantity j 5 1/h* 1 O(e2). Retaining only
leading order terms and dropping the subscript ‘‘o’’ from uo,
Eq. 9 becomes

Re @tuþ u@zuð Þ ¼ C

h�2
@zh

� þ 2l@zu@zh�

h�
þ @zðl@zuÞ

� �

þ S

h�
þ Re

Fr
; ð11Þ

where Re 5 qLVo/3lo, C 5 rL/3loVoro, and Fr 5 V2
o/gL.

Here, Re is the Reynolds number, C is the inverse capillary
number, and Fr is the Froude number. The dimensionless ki-
nematic boundary condition reduces to

@th
� þ u@zh

� ¼ � h�

2
@zujr¼h� ; (12)

where all variables are in dimensionless form.
The above equations are equivalent to those used by previ-

ous researchers. Letting L 5 m2q/r, Vo 5 r/mq, and neglect-
ing external shear stress, gravity, and viscosity variation, we
obtain Re 5 1/3, C 5 1/3, and S 5 Re/Fr 5 0. Then, Eqs.
11 and 12 become

@tuþ u@zu ¼ @zh
�

h�2
þ 3

2@zu@zh
� þ h�@zzu

h�

� �
; (13)

@th
� þ u@zh

� ¼ � h�

2
@zujr¼h� ; (14)

which are same as those reported in Eggers’ work on break-
up of liquid jets.20 Letting L 5 9m2q/r, Vo 5 r/3mq, and
imposing constant viscosity (l(y) 5 1), we obtain Re 5 1,
Re/Fr 5 1, and C 5 1. Writing Eqs. 11 and 12 in terms of
the cross-sectional area (A) of the fiber yields

@tuþ u@zu ¼ @z
ffiffiffi
A

p

A
þ @z A@zuð Þ

A
þ 1; (15)

@tAþ @z Auð Þ ¼ 0: (16)

These equations are the same as those used by Sauter and
Buggisch,21 who studied the stability of a viscous jet driven
by gravity. Referring to the dimensional form of Eq. 11 and
rearranging, we get

qu@zu ¼ qg� 3l
ð@zuÞ2

u
þ 3l@zzuþ 3@zl@zu� r

ffiffiffi
p

p @zu

2
ffiffiffiffiffiffi
Qu

p ;

(17)

where Q is the dimensional volumetric flow rate and l is the
dimensional viscosity. This equation is used in Shah and Pear-
son’s work on modeling of a molten viscous polymer filament.22

We next simplify the energy conservation law, Eq. 3.
When T̃ 5 (T 2 To)/Tc, where Tc is the temperature increase
from the fiber temperature at z 5 0 (denoted by To) needed
for a significant drop in viscosity, Eq. 3 becomes

@ ~T

@~t
þ ~w

@ ~T

@~r
þ ~u

@ ~T

@~z
¼ kL

qCpVo

1

~�2r

@

@~r
~r
@ ~T

@~r

� �
þ @2 ~T

@~z2

� �
þOð�2Þ;

(18)

where k is the thermal conductivity and Cp is the heat
capacity of the fiber. Now, expressing T 5 yo(z,t) 1 y2(z,t)
(er)2 1 ���, and dropping the tilde, we get
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@ho

@t
þ uo

@ho

@z
¼ k

qCpVoL

@2ho

@z2
þ 4h2

� �
þ Oð�2Þ: (19)

The expression for y2 can be obtained by equating the heat
flux at the fiber–air boundary; we obtain

h2 ¼ � ro

2kTc

f ðzÞ
h�

þ Oð�2Þ; (20)

and retaining only leading order terms, the energy balance
Eq. 19 leads to

@ho

@t
þ uo

@ho

@z
¼ k

qCpVoL

@2ho

@z2
� 2ro

qCpLVoTc

f ðzÞ
h�

: (21)

We again drop the subscript ‘‘o’’ from now on. As the axial
conduction in a polymeric filament is small (k/qCpVoL �
1022),7 the energy equation can be approximated as

@thþ u@zh ¼ � 2ro

qCpLVoTc

f ðzÞ
h�

; (22)

where f(z) 5 akB (L/ro)2T4
h (T�4

h (yTc 1 To)4 2 1) for radia-
tion where kB is the Boltzmann constant, a is the absorptivity
of the fiber, Th is the heater temperature, and y is the fiber
temperature at z. Writing Eqs. 11, 12, and 22 in terms of A,
we obtain

A Reðut þ uuzÞ ¼ lðhÞAuz þ C
ffiffiffi
A

p� �
z
þRe

Fr
Aþ S

ffiffiffi
A

p
; (23)

ht þ uhz ¼
Hffiffiffi
A

p ; (24)

At þ ðAuÞz ¼ 0; (25)

where H ¼ �2
ffiffiffi
p

p
Lf ðzÞ=qCproVoTc is the dimensionless heat

flux and measures the strength of heating, and the subscripts
z and t denote differentiation with respect to z and t, respec-
tively. The constant value of H assumes T � Th. Note that
H [ 0 corresponds to heating, whereas H \ 0 corresponds
to cooling. The corresponding boundary conditions are u 5

1, A 5 1, and y 5 0 at z 5 0, and u 5 Dr at z 5 1, where
Dr is the square of the ratio of the diameter at z 5 0 to that
at z 5 1, i.e., Dr 5 d2

o/d2
1 5 u1/uo with d denoting the fiber

diameter. We recover the model of Wylie et al.7 when Re 5

C 5 S 5 Re/Fr 5 0.
Arrhenius-type (exponential) viscosity variation with tem-

perature has been used to model MS for polymers8–10,22,23

and glasses.11,12 However, important classes of materials,
such as block copolymers and multicomponent polymer
melts, show abrupt changes in viscosity with temperature.6,7

Polymer crystallization is also accompanied by steep changes
in viscosity.19 Step-functions have been used to model these
sharp variations in viscosity with temperature.7,24 For compu-
tational ease, we have employed a hyperbolic tangent func-
tion similar to Wylie et al.7 to obtain a step-like variation in
the viscosity. In dimensional form, we have

lðTÞ ¼ lo

ð1 þMÞ
2

� ð1 �MÞ
2

tanh
T � To � Tc

Tr

� �� �
; (26)

where l is the viscosity of the fiber at any temperature T, lo

is the viscosity at the lower temperature, Mlo is the viscosity
at higher temperature, and Tr is a characteristic temperature
at which the change in viscosity occurs. Thus, M (\1) sets
the amount of viscosity drop, and Tr controls the steepness of
the viscosity change. As a result, this viscosity variation
could also cover qualitative features of an exponential
change by varying Tr. The nondimensionlized equation corre-
sponding to Eq. 26 results in

lðhÞ ¼ ð1 þMÞ
2

� ð1 �MÞ
2

tanh Kðh� 1Þ½ �; (27)

where K 5 Tc/Tr controls the steepness of the viscosity varia-
tion with temperature. For results presented in this work,
K 5 12 and M 5 0.1 have been employed to be consistent
with Wylie et al.7

Steady-State Behavior

We start our analysis with the investigation of steady-state
behavior. A set of steady-state equations can be obtained by
dropping the time-derivative terms in Eqs. 23–25. They
become

A ReðuuzÞ ¼ lðhÞAuz þ C
ffiffiffi
A

p� �
z þ

Re

Fr
Aþ S

ffiffiffi
A

p
; (28)

uhz ¼
Hffiffiffi
A

p ; (29)

ðAuÞz ¼ 0; (30)

with boundary conditions u 5 1, A 5 1, and y 5 0 at z 5 0,
and u 5 Dr at z 5 1.

The force required to draw the fiber is an important quan-
tity and is called the pulling force, Fp 5 |Fp|. The pulling
force is obtained in a manner similar to that of Wylie et al.7

and is given as

Fp ¼ Fc þ Fs þ 2Fþ Fe þ Fg; (31)

where Fc is the force due to convection of momentum, Fs is
the force due to surface tension, 2F is the viscous force, Fe

is the force due to external shear stress, and Fg is the force
due to gravity. We can compare the typical magnitudes of
these forces by considering the dimensional variables from
Wylie et al.7 and taking Dr 5 100. The quantity Fc 5

q(Au2)|z51 5 pqr2
o Dr � 1025 N, Fs 5 prroh

* 5 prro/
ffiffiffiffiffiffi
Dr

p

� 10�8N, 2F ¼ 2lðAuzÞjz¼1 ¼ 4plðVor
2
o=LÞ

ffiffiffiffiffiffi
Dr

p
h�z � 10�2N;

Fg � 10�6N, and for constant shear stress, Fe � 1026S N.

For the parameter range considered in this article, F always
dominates the other forces and thus we present all results by
plotting them vs. F.

In the absence of inertia, surface tension, external shear
stress, and gravity (Re 5 C 5 S 5 Re/Fr 5 0), (l(y)Auz)z 5
0. Thus, F does not vary with z, and Fp is approximately
equal to 2F. However, when Re, C, S, and/or Re/Fr are non-
zero, F varies with z, and the variation depends on the values
of these parameters. However, to make the results of this
study easier to compare with those of Wylie et al.,7 we
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consider F at z 5 0 for presenting results, and unless stated,
Re 5 C 5 S 5 Re/Fr 5 0.

The coupled set of ordinary differential Eqs. 28–30 has
been solved numerically with a fourth-order Runge–Kutta
method to obtain Dr. In Figure 2, we present the variation of
Dr with F for different H. We observe that without external
heating (H 5 21.6,0), Dr increases with increasing F. How-
ever, when external heating is applied, Dr first increases with
an increase in F, passes through a maximum, and then
decreases. The nonmonotonic Dr variation with F is due to
viscosity variation, and thus the steady states at the lower
two values of F correspond to nonisothermal operation. At
high F, Dr increases with increasing F, and Dr-profiles corre-
sponding to different heating strengths coincide; this is a re-
gime of isothermal operation (i.e., the fiber moves so rapidly
that its viscosity is almost uniform along its length). Thus, a
particular Dr can be obtained at three different F (multiple
steady states). Such a nonmonotonic behavior of Dr with F
has been reported by Wylie et al.7 at a low heating strength.
Note that with increasing H, the maximum Dr increases, and
the corresponding F shifts toward a higher value.

To investigate the multiple-steady-state behavior, we plot
y, l, and A vs. z for three different forces corresponding to
the same Dr. At low F, the velocity near z 5 0 is small, and
as a result, the time a fiber element remains in the heating
zone is large. Eventually, the temperature of the fiber
becomes higher than that required for the abrupt change in
viscosity (y [ 1). This happens at z � 0.55 and 0.8 for F 5

0.6 and 1.49, respectively (Figure 3a). Around this position,
the viscosity decreases dramatically, and after this position,
the fiber has lower viscosity l 5 M (Figure 3b). As F
increases, the portion of the fiber having higher viscosity
increases and that having lower viscosity decreases. Note
that when the time is too small for a fiber element to attain
the temperature required for the decrease in viscosity, the
fiber viscosity remains higher (l 5 1), as is the case with
F 5 2.84 in Figure 3b. Thus, adjusting the portions of the
fiber having higher and lower viscosity allows the same Dr
at three different forces to be attained, as shown in Figure 3c.
We observe that for smaller F, the slope of the A vs. z-curve

changes. The two different slopes correspond to two different
viscosity values with the lower slope corresponding to the
higher viscosity and the higher slope to the lower viscosity.

Analysis of the cause for the multiple steady states reveals
that the steep change in the viscosity with position is the key
reason for this behavior. In the present problem, it is
obtained by a step-like change in viscosity governed by K

Figure 2. Dr vs. F for various H with Re 5 C 5 S 5 Re/
Fr 5 0.

Figure 3. (a) y vs. z, (b) l vs. z, and (c) A vs. z for three
different values of F that produce Dr � 292.

Here, H 5 2.25 and Re 5 C 5 S 5 Re/Fr 5 0.
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and M. The values K 5 12 and M 5 0.1 are such that we
obtain multiple steady states. It is found that sufficient steep-
ness in the viscosity variation with position is required at
any heating rate to produce multiple steady states (see also
Ref. 7). Note that if the viscosity does not vary steeply with
temperature, multiple steady state behavior could occur pro-
vided the temperature gradient is large, perhaps because of
concentrated heating.7 It may be anticipated that steady states
in the region where Dr decreases as F increases are unstable.
In this region, the viscosity of the fiber drops sharply near
the heater exit (Figure 3b). An increase in F would tend to
reduce the amount of time the fiber spends in the heating
zone, resulting in a higher viscosity at the heater exit. This
would then further increase F, and eventually drive the sys-
tem to a steady state at higher F corresponding to isothermal
operation. Similarly, if F decreases, the time the fiber spends
in the heating zone increases, resulting in a lower viscosity
at the heater exit. This would further decrease F and eventu-
ally drive the system to a steady state at lower F correspond-
ing to nonisothermal operation.

Next we study the effect of domain length by defining a
parameter lf 5 Ld/L, where Ld is the domain length. (Note
that all other results are for Ld 5 L.) For a given amount of
heat input, the heat flux, HLd

, is calculated as HLd
5 H/lf

where H is the heat flux value for Ld 5 L. Thus, varying lf
results in a variation in heat flux, and the longer the domain
length, the lower the heat flux (for H [ 0). The variation of
Dr with lf is presented in Figure 4. When lf is small (\� 1.5),
the heat flux is large enough to reduce the viscosity, and the
portion of fiber having lower viscosity increases with lf.
Thus, Dr increases as lf increases. However, when lf becomes
large (�[2), H decreases significantly, and this results in a
lowering of the portion of fiber with lower viscosity, causing
Dr to decrease as lf increases. When lf is very large ([3),
H is not large enough to reduce the viscosity, but Dr
increases with lf, since longer domain lengths lead to higher
Dr in an isothermal MS operation. Thus, multiple steady
states can be obtained by varying the domain length, similar
to the case where F is varied. This is again done by adjusting
the portions of the fiber having higher and lower viscosity.

We have also investigated the effects of changing the cross-
sectional area of the die, Ao, and found that Dr decreases as
Ao increases (results not shown).

We now study the effects of Re, C, and S on the Dr varia-
tion. With nonzero Re, C, and S, F varies with z. Thus, Dr
has been plotted with F at z 5 0, denoted as Fo, in Figure 5.
It is seen in Figures 5a,b that Dr increases with an increase
in Re and S, respectively. This is because of higher Fp with
higher Re and S. When S increases, the Dr-profile shifts to-
ward lower Fo. Note that with S 5 1, the region at low Fo,
where Dr increases as Fo increases, vanishes. Additional cal-
culations show that upon further increase in S, the region
where Dr decreases as Fo increases also goes away, and Dr
always increases with increasing Fo, corresponding to an iso-
thermal operation. It can also be observed that increasing the
value of S will lead to a decrease in the ocurrence of multi-
ple-steady-state behavior. The effects of gravity (nonzero Re/
Fr) on Dr are qualitatively the same as those of S so we do
not show results here.

To account for surface tension effects, we have varied the
inverse capillary number, C, and the Dr variation with Fo for
various C is presented in Figure 5c. It is seen that Dr
decreases with an increase in C because surface tension
opposes the formation of smaller fiber diameters. At large C,
the multiple-steady-state behavior of Dr is nearly suppressed,
but can be made more prominent by increasing the heating
strength.

Linear Stability Analysis

Three different forces can produce the same Dr, making it
important to investigate the stability of these three steady
states. For stability analysis, we express each variable as a
sum of a steady-state term and a small-amplitude perturba-
tion term:

Aðz; tÞ ¼ ÂðzÞ þ ~AðzÞ expðktÞ;
uðz; tÞ ¼ ûðzÞ þ ~uðzÞ expðktÞ;
hðz; tÞ ¼ ĥðzÞ þ ~hðzÞ expðktÞ;

(32)

where hats and tildes denote steady-state and perturbation
quantities, respectively, and k is the growth rate of the per-
turbation. After substitution of eq. 32 into eqs. 23–25, and
linearization, a set of equations in the form of an eigenvalue
problem results:

k ~Aþ û ~Aþ ~uÂ
� 	

z
¼ 0; (33)

Re k~uÂþ Âûz~uþ û~uzÂþ ~Aûûz
� 	

¼ lðĥÞÂ~uz þ lðĥÞ ~Aûz þ lhðĥÞ~hÂûz
h i

z

þ Re

Fr
~Aþ S

2
ffiffiffî
A

p ~Aþ Cffiffiffî
A

p ~Az �
Âz

2Â
~A

 !
; ð34Þ

k~hþ û~hz þ ~uĥz þ
H

2Â3=2
~A ¼ 0; (35)

where ly is the derivative of l with respect to y. The bound-
ary conditions are: ũ 5 1 and ~h 5 0 at z 5 0, and ũ 5 0 at
z 5 1. This eigenvalue problem has been solved numerically

Figure 4. Variation of Dr with lf 5 Ld/L when H 5 2.25,
F 5 0.6, and Re 5 C 5 S 5 Re/Fr 5 0.
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in MATLAB by discretizing the equation using backward
differences to approximate spatial derivatives. The results are
independent of the number of nodes and the numerical
method. (A forward-difference technique has also been used

to verify the results.) In addition, the results obtained for
Re 5 C 5 S 5 Re/Fr 5 0 are in quantitative agreement
with those reported in Wylie et al.7

To analyze the stability behavior, the real parts of the two
leading eigenvalues (largest and next largest) have been plot-
ted for different H in Figure 6. In the absence of heating,
H 5 0, the two leading eigenvalues are complex conjugates,
and thus the real parts of the eigenvalues coincide (Figure
6a). The real parts of the eigenvalues increase with F, and
eventually at F � 1.5 (Dr � 20.2), they become positive
(Figure 6a). This instability is called draw resonance and has
been well investigated in the literature.9,25–28 By manipulat-
ing the mass balance equation, one can obtain a kinematic
wave equation in which the wave propagates from the spin-
neret to the take-up roller. When the wave residence time is
larger than the fluid residence time, the disturbances are
damped out. However, when the fluid residence time is
enough to establish steady propagation of the kinematic
wave, draw resonance is observed.25,26,28 Thus, any Dr
higher than �20.2 produces a fiber area that varies in an os-
cillatory manner with z and t. We denote this draw resonance
as IDR-H. Note that when H 5 0, the fiber has a constant vis-
cosity equal to the maximum value (l 5 1).

When we start heating with a low heating strength, H 5

1.4, an instability develops before IDR-H with complex conju-
gate leading eigenvalues, and the system restabilizes between
this instability and IDR-H (Figure 6b). Kinematic wave analy-
sis for draw resonance28 suggests that the system should be
stable in the regime where this new instability occurs (Suman
B. Ph.D. Thesis, University of Minnesota, 2008). However, a
plot of l vs. z for the F corresponding to this instability
reveals that there is an abrupt change in viscosity near the
heater exit. Thus, it is expected that the instability is due to
the change in viscosity and so we denote the instability by
IVC. This situation corresponds to the region where Dr
decreases as F increases (cf. Figure 2), and a qualitative ex-
planation for the instability was given earlier.

Upon further increasing the heating to H 5 1.6, the system
again goes through IVC, and then restablizes before IDR-H

(Figure 6c). When the system goes through IVC at low F, it
has complex conjugate leading eigenvalues. The eigenvalue
with the largest real part becomes purely real, and the eigen-
value with the next-largest real part is still complex; these
leading eigenvalues have different real parts (Figure 6c).
Upon further increase in F, the leading eigenvalues again
become complex conjugates and remain so in the range of F
explored in this study.

When H is increased even further to H 5 2.25, the nature
of the stability curves remains the same as that for H 5 1.6.
However, the restabilization zone between IVC and IDR-H

diminishes resulting in a merging of IVC and IDR-H (Figure
6d). The work of Wylie et al.7 explored values of H up until
the merging of IVC and IDR-H.

At higher heating strength, H 5 3, the nature of the stabil-
ity curves at high F remains the same as that for H 5 2.25.
However, we find an instability at lower force, F � 0.3 to
0.9, with two complex conjugate leading eigenvalues (Figure
6e), and this instability is denoted by IDR-L. The system
restabilizes between IDR-L and IVC (Figure 6f). The instabil-
ity, IDR-L, has not been reported by Wylie et al.7 Upon per-
forming the kinematic wave analysis of draw resonance for

Figure 5. (a) Dr vs. Fo for various Re and C 5 S 5 Re/
Fr 5 0; (b) Dr vs. Fo for various S and C 5
Re/Fr 5 0; and (c) Dr vs. Fo for various C and
S 5 Re/Fr 5 0 when lf 5 1 and H 5 1.6.
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the portion of fiber with lower viscosity,28 we find that this
instability is in fact draw resonance in the portion of the fiber
having lower viscosity (l 5 M) (Suman B. Ph.D. Thesis,
University of Minnesota, 2008). Note that with lower heating

strength, IDR-L is not present since the portion of the fiber
with lower viscosity is small.

The above plots show that in a nonisothermal MS process
with a step-like change in viscosity, we can have three

Figure 6. Plot of Re(k) of the two leading eigenvalues vs. F for (a) H 5 0, (b) H 5 1.4, (c) H 5 1.6, (d) H 5 2.25,
(e) H 5 3, and (f) H 5 3, showing only the low F regime when lf 5 1 and Re 5 C 5 S 5 Re/Fr 5 0.
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regimes of instability, IDR-H, IDR-L, and IVC. Note that
although external heating gives rise to a new instability
(IVC), we find that the highest Dr corresponding to a stable
operation is much larger compared to that for an isothermal
operation. The highest stable Dr is termed the critical Dr,
denoted by Drcr, and the corresponding force is the critical
F, denoted by Fcr.

A careful comparison of Figures 2 and 6 reveals that at low
heating strength, there are at most two stable steady states for a
given Dr. One stable steady state corresponds to the stable re-
gime of the curves in Figure 6 at low F, and the other stable
steady state corresponds to the restablizing zone between IVC

and IDR-H. The third steady state, which is unstable, is associ-
ated with IVC and occurs in the region where Dr decreases as F
increases. As the heating strength is increased, the restabilizing
zone between IVC and IDR-H disappears, causing one of the sta-
ble steady states to become unstable. Thus, at high H there is at
most one stable steady state. (Note that if Dr is too large at any
H, there are no stable steady states.)

In Figure 7, we present Drcr and Fcr vs. heating strength, H.
At very low H, the heating strength is not large enough to
reduce the viscosity, resulting in an isothermal MS opera-
tion. Thus, Drcr and Fcr do not vary with H, and Fcr � 1.5

(Drcr � 20.2) is set by IDR-H. When H is large enough to reduce
the viscosity, but the portion of the fiber having low viscosity
is small, Fcr is again governed by IDR-H (Figure 6b, and c), pro-
viding H-invariant Fcr � 1.5 and Drcr � 20.2 (Figure 7). As we
increase H even further, Fcr is then governed by IVC (Figure
6d) and also the portion of the fiber having low viscosity is rel-
atively large, resulting in an exponential increase in Drcr with
H (Figure 7a). However, the portion of the fiber having low
viscosity is not large enough to generate IDR-L. Note that there
is a substantial reduction in Fcr (Figure 7b) when Fcr is first
governed by IVC instead of IDR-H. However, Fcr then starts
increasing with an increase in H because IVC moves to higher
F with increasing H (Figure 6b–e). At very high H, the portion
of the fiber with lower viscosity is enough to generate IDR-L at
low F, but because of the restabilization zone between IDR-L

and IVC, Fcr is still governed by IVC (Figure 6f), again pro-
viding exponential enhancement in Drcr with H (Figure 7a).
The exponential growth of Drcr is well approximated by
Drcr � exp(3.2H). (The origin of the exponent, 3.2, remains
unclear.) From these results, we conclude that employing
external heating in MS could be used to enhance Drcr for mate-
rials showing a step-like change in viscosity. A simple calcu-
lation reveals that MS can produce submicron-size fibers.
For example, if the diameter at the die exit is 0.1 mm and
Dr � 106, the diameter of the fiber at the exit of the MS device
would be �0.1 lm (100 nm).

The effects of domain length on the stability behavior
have been examined by plotting the real parts of the two
leading eigenvalues vs. lf in Figure 8. At low lf, the system
is stable, but as lf increases, the system becomes unstable,
resembling Figure 6d where F is varied instead of lf.
Although the stability curves in Figure 8 are for H 5 2.25,
we have also examined other values of H and found the
behavior of the stability curves to be similar to that seen in
Figure 6. Thus, at a particular H, there is an optimal domain
length to maximize Drcr, similar to the existence of an Fcr in
Figure 6. For example, the optimal domain length corre-
sponds to lf � 1.25 when H 5 2.25 (Figure 8). When the
cross-sectional area of the die (Ao) increases, the real parts of

Figure 7. Drcr and Fcr vs. H when lf 5 1 and Re 5 C 5
S 5 Re/Fr 5 0.

Note that in the regions marked stable, there may be pock-
ets of instability as shown in Figure 6.

Figure 8. Plot of Re(k) of the two leading eigenvalues
vs. lf when H 5 2.25, F 5 0.6, and Re 5 C 5
S 5 Re/Fr 5 0.
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the leading eigenvalues also increase, suggesting that the sys-
tem comes closer to instability as Ao increases (results not
shown).

Next we investigate the effects of Re, C, and S on the fiber
stability by comparing our results with those in with Figure
6c where H 5 1.6 and Re 5 C 5 S 5 Re/Fr 5 0. We pres-
ent the leading eigenvalues when Re 5 0.1, C 5 S 5 0, and
H 5 1.6 in Figure 9a. The comparison with Figure 6c reveals
that IVC is similar, and a purely real positive leading eigen-
value is also obtained. However, IDR-H is much suppressed,
as the system is stable until Fo � 1.82 in the presence of
small inertia; without inertia it becomes unstable at Fo �
1.55. From Figure 5a, we see that Dr increases with an
increase in Re. Thus, Drcr increases with increasing Re. This
has been documented for materials other than those showing
a step-like variation in viscosity with temperature (Refs 22,
29–32 and references therein). The enhancement in Drcr with
Re for materials showing a step-like variation in viscosity
with temperature is presented in Figure 9b. It is found that
for Re\ 0.08, the increase in Dr is not significant. However,
when Re [ 0.08, the increase in Drcr is nearly exponential.
At Re � 0.1, Drcr � 300. Thus, it is concluded that even

with materials showing step-like change in viscosity, inertia
can enhance Dr. This is because the fiber velocity is con-
trolled by the cross-sectional area of the fiber, and inertia
inhibits changes in the velocity, resulting in the suppression
of fiber instability (cross-sectional area variation).

Using nonzero inverse capillary number, C, the effects of
surface tension on stability behavior are examined, and the
real parts of the leading eigenvalues are presented in Figure
10a. Comparison with Figure 6c shows that as C increases,
IVC and IDR-H move to higher Fo, but Dr decreases with an
increase in C at fixed Fo (Figure 5c). Thus, increasing sur-
face tension decreases Drcr, and a similar conclusion was
obtained for an isothermal MS operation by Pearson and
Shah.22,29 Comparison of Figure 10b and Figure 10a shows
that inclusion of shear stress makes the system unstable at
lower Fo. However, Dr increases with an increase in S at
fixed Fo (Figure 5b). Both of these effects lead to a decrease
in Drcr as S increases. The effects of gravity are similar to
those of S. Increasing Re/Fr makes the system more unstable
and also increases the value of Dr at fixed Fo. However,

Figure 9. (a) Plot of Re(k) of the two leading eigenval-
ues vs. F for H 5 1.6 when Re 5 0.1, lf 5 1,
and C 5 S 5 0; (b) Drcr vs. Re.

Figure 10. Plot of Re(k) of the two leading eigenvalues
vs. F when H 5 1.6 and lf 5 1: (a) C 5 0.5 and
Re 5 S 5 0, and (b) S 5 0.2 and Re 5 C 5 0.
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these effects combine to produce an increase in Drcr with Re/
Fr, similar to what was observed in prior work22,29,32 for an
isothermal MS operation. In all of the above cases, the
changes in Drcr with respect to C, S, Re/Fr are small com-
pared with those produced by a change in Re.

Nonlinear Simulations

To study the effects of disturbances that are not of small
amplitude, we have performed nonlinear simulations using
Eqs. 23–25 and the corresponding boundary conditions. The
initial condition applied is a sum of a steady-state solution
and a disturbance at the fiber–air interface. The disturbances
are sinusoidal in nature with dimensionless amplitude vary-
ing between 0.01 and 0.5 and dimensionless wavelength
varying from 0.2 to 1. These equations have been solved by
discretizing the spatial derivatives using backward finite dif-
ferences, and time-stepping with Gear’s algorithm,33,34 which
automatically adjusts the time step. Key features of the non-
linear simulations presented in this study are independent of
the amplitude and wavelength of the initial disturbances, and
the number of nodes, taken as 1000.

We find that the predictions of the linear stability analysis
carry over to large-amplitude disturbances. When the system
is predicted stable by linear stability analysis, the initial per-
turbation decays with time. For an unstable system, the insta-
bility is found to be oscillatory in nature and limit cycle
behavior is observed, no matter whether the instability is due
to draw resonance or due to viscosity variation. Nonlinear
behavior of A, u, and y for an unstable situation is shown in
Figure 11, where the cause for the instability is viscosity var-
iation. All of these variables have been found to be oscillat-
ing with constant amplitude in time similar to the nonlinear
behavior of fibers under isothermal draw resonance. Similar
temporal variation of these variables has been found in other
unstable cases and also with nonzero Re, C, S, and/or Re/Fr.
We have shown in the steady-state analysis that the same Dr
can be obtained at three F. Thus, if we start with an unstable
situation and there are other stable steady states, the system
jumps to one of the stable F producing same Dr.

The stabilizing effect of Re has also been probed using
nonlinear simulations and it is found that by increasing iner-
tia, an otherwise unstable system can be stabilized. We have
performed nonlinear simulations for the stable and unstable
regions shown in Figure 9b and observed that in the stable
region, disturbances decay with time, whereas in the unstable
region, disturbances grow with time and eventually they
oscillate with constant amplitude similar to the behavior
shown in Figure 11.

Addition of Cooling Section

The addition of a cooling section after a heating zone could
help in enhancing the viscosity of the fiber before it is taken up
by a roller, which would help make rolling of fibers easier.
Thus, in this section we add a cooling zone of dimensionless
length lC after a heating section of dimensionless length lH
(5 lf 2 lC), but before the roller. The cooling can be performed
by air circulation, i.e., a convective mode of heat transfer. The
fluid flow equations for the heating and cooling sections

remain the same. However, the energy equation corresponding
to the cooling section is different and given as:

ht þ uhz ¼ �Cohffiffiffi
A

p ; (36)

Figure 11. Nonlinear behavior when H 5 1.6, lf 5 1, F 5
0.8, and Re 5 C 5 S 5 Re/Fr 5 0: (a) A,
(b) u, and (c) y.
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where Co 5 2
ffiffiffi
p

p
hL/(qCpVoro) with h being a convective heat

transfer coefficient and assuming Ta � Tf, where Ta represents
the dimensional air temperature. The strength of cooling (Co)
is allowed to be strong enough to bring the viscosity to its orig-
inal value (l 5 1). The corresponding stability equation is

k~hþ û~hz þ ~uĥz �
Coĥ

2Â3=2
~Aþ Co

Â1=2
~h ¼ 0: (37)

To investigate the cooling effect, we present the variation of
Dr with F, and the real parts of the leading eigenvalues, in Fig-
ure 12. It is found that Dr decreases at a particular F when
cooling is employed. This is due to an increase in the portion
of the fiber having higher viscosity. However, the decrease in
Dr can be compensated for by using a higher heating strength
(Figure 12a), which increases the portion of the fiber having
lower viscosity. Thus, the addition of a cooling section causes
the system to behave as if the overall heating strength has
been reduced. Similar behavior is also observed in the linear

stability analysis results of Figure 12b. The stability curves for
H 5 2.6, lH 5 0.8, Co 5 260H, and lC 5 0.2 resemble those
for the case where H � 2.1 and lH 5 lf 5 1 (result not shown).
Additional calculations reveal that these observations also
carry over to the nonlinear regime. We also note that the
effect of cooling on Dr variation, fiber stability and nonlinear
behavior remains unchanged for a system with nonzero Re, S,
C and/or Re/Fr.

Summary and Conclusions

We have analyzed nonisothermal melt spinning of materi-
als having a step-like variation in viscosity with temperature.
Coupled nonlinear equations governing momentum and heat
transfer were derived using a slender-jet approximation and
solved numerically over a large range of parameters. In the
absence of heating, the draw ratio increases with an increase
in the pulling force. However, with sufficiently strong exter-
nal heating, the draw ratio becomes a nonmonotonic function
of the pulling force and can lead to a situation where three
different pulling forces are compatible with the same draw
ratio. Linear stability analysis shows that two of these steady
states can be stable at most. At high heating strength there
are three modes of instability: two corresponding to draw
resonance (in fibers having high and low viscosity) and one
corresponding to the sharp change in viscosity with tempera-
ture. At lower heating strength, the latter mode is always
found to be unstable. Nonlinear simulations show that an
unstable system tends to limit cycle behavior, and that stable
systems are stable even to large-amplitude perturbations.

Although external heating generates new instability modes,
it also produces dramatic increases in the maximum stable
draw ratio. Inclusion of inertia enhances this effect and also
makes the system more stable. In comparison, inclusion of
gravity, shear stress at the fiber–air interface, and surface ten-
sion all have a relatively small impact on the critical draw
ratio. External cooling, which would be important in practice
for rolling the fibers, was found not to adversely affect the
critical draw ratio since its effects could be compensated for
by increasing the strength of external heating. The present
work extends prior work in this area by exploring a consider-
ably larger region of parameter space and investigating the
practically important issue of draw ratio enhancement. Sim-
ple order-of-magnitude estimates based on the results
obtained suggest that melt spinning should be able to pro-
duce nanaofibers of materials having a step-like variation of
viscosity with temperature. The approach and findings of this
study may be helpful in guiding experiments in this area.
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